We introduce the concepts of a G-weak contraction mapping of types A and B and we establish some fixed point theorems for a G-weak contraction mapping of types A and B in complete Gmetric spaces. Our results generalize several well-known comparable results in the literature.
Introduction
As it is well known, one of the most useful theorems in nonlinear analysis is the Banach contraction principle 1 . Many authors generalized this famous result in different ways. In their outstanding article 2 , Mustafa and Sims introduced a new notion of generalized metric space, called G-metric space and gave a modification to the contraction principle of Banach. After then, several authors studied various fixed and common fixed point problems for adequate classes of contractive mappings in generalized metric spaces for an up to date reference list, see 3-28 . Despite these important advances in nonlinear analysis, our problem, imposed by theoretical and practical reasons as well, had not been studied so far. In this paper, we introduce the concepts of a G-weak contraction mapping of types A and B and we establish some fixed point theorems for a G-weak contraction mapping of types A and B in complete G-metric spaces. Our study is encouraged by its possible application, especially in discrete models for numerical analysis, where iterative processes are extensively used due to their versatility for computer simulation. These models play an essential role in applied mathematical studies of certain nonlinear processes in relation with economics, biology, numerical physics, and tribology. Also, we are motivated by several scientists, who pay attention to such Proof. Consider x 0 in X and define a sequence {x n } in X such that
x n 1 Fx n , for any n ∈ N.
3.4
If for some n ∈ N, x n 1 x n , then x n Fx n , that is, F has a fixed point. Thus, we may assume that x n 1 / x n for all n ∈ N. Now, we finish our proof by the following steps.
Step One. We will show that
Given n ∈ N. Since F is ψ, φ, γ, G -weak contraction, we have
where
3.7
From 3.6 -3.7 , we obtain
3.8
By G 5 , we have
3.10
If for some n in N,
Thus φ G x n , x n 1 , x n 1 0 and hence G x n , x n 1 , x n 1 0. Therefore, x n x n 1 which is a contradiction. So,
3.13
Thus, we get
Abstract and Applied Analysis By 3.14 , {G x n , x n 1 , x n 1 : n ∈ N} is a nonincreasing sequence. Hence, there is r ≥ 0 such that
r.
3.16
Taking limit as n → ∞ in 3.15 , we obtain ψ r ≤ ψ r − φ r .
3.17
Therefore φ r 0 and hence r 0. Thus
Step Two. We show that {x n } is a G-Cauchy sequence in X. Assume on contrary, then there exists > 0 for which we can find two subsequences x m i and x n i of x n such that n i is the smallest index for which
This means that
From 3.19 , 3.20 , and G 5 , we get
3.21
Taking limit as i → ∞ and using 3.18 , we have
Using G 5 again, we obtain
3.23
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Taking i → ∞ in the above inequality and using 3.18 and 3.22 , we arrive at
Again applying G 5 , we have
3.25
By using 3.18 , 3.22 and on taking limit as i → ∞ in the above inequality, we get
3.27
By taking the limit in the above inequalities and using 3.18 , 3.24 , we obtain
Now, we have 
3.29
Letting i → ∞, using 3.18 , 3.22 , 3.24 , 3.26 , 3.28 , and the continuity of ψ, φ, and γ, we have
Thus ψ 0 and hence 0, a contradiction. Thus {x n } is a G-Cauchy sequence in X.
Step Three. We show that F has a fixed point. Since {x n } is a G-Cauchy sequence in the complete G-metric space X, there is u ∈ X such that
Since F is ψ, φ, γ, G -weak contraction, we have 
3.33
Letting n → ∞ in 3.33 we get
3.34
On letting n → ∞ in 3.32 and using the continuity of ψ, φ, and γ, we get
Therefore ψ G u, Fu, Fu 0 and hence u Fu. Thus u is a fixed point of F.
Step Four. We prove the uniqueness of the fixed point. In this respect, we proceed by reductio ad absurdum. Suppose that there are two fixed points of F, say u, v ∈ X such that u / v. Since F is ψ, φ, γ, G -weak contraction, we have
3.37
By 3.36 -3.37 , we obtain 
3.40
Thus F is ψ, φ, γ, G -weak contraction. Hence by Theorem 3.4, we conclude that F has a unique fixed point. Proof. The proof of part a follows from 12 . Now, given x, y ∈ X. We divide the proof of part b into the following cases. 
4.4
Case 2 x > y 1 . Here Fx x − 1 and Fy 0. Thus
4.5
Since 
4.19
4.22
Thus F satisfies all the hypotheses of Theorem 3.4. Hence F has a unique fixed point. Here 0 is the unique fixed point of F.
As an application of our results, we introduce some fixed-point theorems of integral type.
Denote by Φ the set of functions φ : 0, ∞ → 0, ∞ satisfying the following hypotheses: is an altering distance function. Now, we have the following result. 
Conclusion
In this paper we introduced contractive conditions of two kinds, independent of the existing ones, to establish new results on nonlinear analysis on G-metric spaces. More accurately, we established fixed point results for two kinds of G-weak contraction mappings, in complete
